Abstract. Let S(n, c) = K 1 ∨ (cK 2 ∪ (n − 2c − 1)K 1 ), where n ≥ 2c + 1 and c ≥ 0. In this paper, S(n, c) and its complement are shown to be determined by their Laplacian spectra, respectively. Moreover, we also prove that S(n, c) and its complement are determined by their signless Laplacian spectra, respectively.
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The adjacency matrix A(G) = [a ij ] of G is an n × n symmetric matrix of 0's and 1's with a ij = 1 if and only if v i v j ∈ E(G). Let D(G) be the diagonal matrix whose (i, i)-entry is d i , where 1 ≤ i ≤ n. The Laplacian matrix of G is L(G) = D(G)−A(G), and the signless Laplacian matrix of G is Q(G) = D(G) + A(G). Sometimes, Q(G) is also called the unoriented Laplacian matrix of G (see, e.g., [10, 22] ).
It is well known that L(G) is positive semidefinite so that its eigenvalues can be arranged as follows:
Research on the signless Laplacian matrix has recently become popular [3, 5, 10, 22] . It is easy to see that Q(G) is also positive semidefinite [5] and hence its eigenvalues can be arranged as:
If there is no confusion, sometimes we write λ i (G) as λ i , and µ i (G) as µ i . In the following, let SL(G) and SQ(G) denote the spectra, i.e., eigenvalues of L(G) and Q(G), respectively.
A graph G is said to be determined by its Laplacian spectrum (resp. adjacency spectrum, signless Laplacian spectrum) if there does not exist a non-isomorphic graph H such that H and G share the same Laplacian spectrum (resp. adjacency spectrum, signless Laplacian spectrum). The question "which graphs are determined by their spectra?" is proposed by van Dam and Haemers in [6] . Up to now, only a few families of graphs are known to be determined by their spectra [6, 9] . For example, the path, the complement of a path, the complete graph, and the cycle were proved to be determined by their adjacency spectra [6, 9] . The path, the complete graph, the cycle, the star and some quasi-star graphs, together with their complement graphs were shown to be determined by their Laplacian spectra [6, 9, 15, 21] complement are determined by their Laplacian and adjacency spectra, respectively, and U n,p is determined by its Laplacian spectrum. Moreover, they proved that U n,p is determined by its adjacency spectrum if p is odd. Very recently, the authors of [24] showed that H n,p , which is obtained by appending a cycle C p to a pendant vertex of a path P n−p , is determined by its signless Laplacian spectrum.
S(n, c) is an extremal graph in some classes of graphs. For instance, S(n, c) is the graph with the maximal spectral radius, the maximal Merrifield-Simmons index, the minimal Hosoya index, the minimal Wiener index, and the minimal Randić index in the set of all connected cacti on n vertices with c cycles [1, 14] . In this paper, by using a new method different from [6, 9, 15, 21, 23, 24] , we show that S(n, c) together with its complement are determined by their Laplacian spectra, and we also prove that S(n, c) together with its complement are determined by their signless Laplacian spectra.
2. S(n, c) and its complement are determined by their Laplacian spectra. The following lemmas are well-known:
Lemma 2.1. [12, 18] If G 1 and G 2 are two disjoint graphs on k and m vertices respectively, with Laplacian eigenvalues
, where each of G 1 and G 2 has at least one vertex.
Let G ′ = G + e be the graph obtained from G by inserting a new edge e into G, and G − u be the graph obtained from G by deleting the vertex u ∈ V (G) and all the edges adjacent to u. It follows by the Courant-Weyl inequalities [4, Theorem 2.1] that:
The Laplacian eigenvalues of G and Proof. If c = 0, then S(n, c) ∼ = K 1,n−1 . By Lemma 2.5, the result follows. In the following, assume that c ≥ 1. Since n ≥ 2c + 1 ≥ c + 2, n = c + 2 if and only if n = 3 and c = 1. Thus, n = c + 2 implies that S(n, c) ∼ = C 3 , it can be readily checked that C 3 is determined by its Laplacian spectrum [6] . So, we may assume that c ≥ 1 and n > c + 2 in the sequel.
By Lemma 2.1 and SL(K 2 ) = (2, 0), we have
where the multiplicity of 3 is c, and the multiplicity of 1 is n − c − 2. Now suppose there exists some graph G, such that SL(G) = SL(S(n, c)), then λ 1 (G) = n. By Lemma 2.2, it follows that G = G 1 ∨ G 2 , where G 1 and G 2 are two disjoint graphs with
Next we shall prove that |V (G 2 )| = 1. Otherwise, if |V (G 2 )| ≥ 2, by Lemmas 2.1 and 2.3, we can conclude that
, where the multiplicity of 2 is c, and the multiplicity of 0 is n − c − 1. By Lemma 2.4, we can conclude that d 1 (G 1 ) = 1, and hence
Let G C be the complement graph of G. In particular, S C (n, c) denotes the complement graph of S(n, c). For the relation between SL(G) and SL(G C ), it has been shown that:
By Lemma 2.7 and Theorem 2.6, we have:
3. S(n, c) is determined by its signless Laplacian spectrum. In this section, we shall show that S(n, c) is determined by its signless Laplacian spectrum. First we need some lemmas. 
If G is a finite simple graph on n vertices with vertex degrees
To prove Theorem 3.3, we need the next lemma. 
We get the required inequality.
Remark 3.5. The main idea of the proof in Theorem 3.3 comes from Lemma 2 of [2] . In [2] , it has been shown that "Let G be a finite simple graph on n vertices with vertex degree
, where K n − e is the graph obtained from K n by deleting one edge and n ≥ 4.
Let Φ(G, x) = det(xI − Q(G)) be the signless Laplacian characteristic polynomial of G. Proof. By a straightforward computation, we have
where
We consider the next two cases.
, it follows that µ 1 (S(n, c)) > n, µ 2 (S(n, c)) ≤ 3 and 0 < µ n (S(n, c)) < 1.
Case 2. n = 2c + 1. If c = 1, then n = 3 and hence S(n, c) = C 3 , it is easily checked the result follows. Thus, we may suppose that n ≥ 5, i.e., c ≥ 2 in the following. Then, Eq. (3.1) can be rewritten as
where ϕ 2 (x) = x 2 − (n + 2)x + 4c.
Since ϕ 2 (1) = 2c − 2 > 0, ϕ 2 (2) = −2 < 0, ϕ 2 (n) = −2 < 0 and ϕ 2 (n + 1) = 2c − 2 > 0. By Eq. (3.2), it follows that µ 1 (S(n, c)) > n, µ 2 (S(n, c)) = 3 and µ n (S(n, c)) = 1.
By combining the above arguments, the result follows.
For a connected graph G, equality holds if and only if G is regular or semi-regular bipartite.
This also implies that µ n (G) = 0, a contradiction.
Then, |V (G 1 )| = n−1, and hence G = G 1 ∪K 1 . This also implies that µ n (G) = 0, a contradiction to µ n (G) = µ n (S(n, c)) > 0.
Thus, G is connected.
Let m(v) denote the average of the degree of the vertices adjacent to v, i.e., 
Proof. By Lemma 3.9, we only need to prove that max{d(v) + m(v) : v ∈ V } ≤ n. Suppose max{d(v) + m(v) : v ∈ V } occurs at the vertex u 0 . Three cases arise:
Suppose that v,w ∈ N (u 0 ).
If vw ∈ E, since G is a connected graph with n + c − 1 edges, it follows that
< n by n ≥ 2c + 3.
Note that 3 ≤ d(u 0 ) ≤ n − 2 and the number of edges of G is n + c − 1, then
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By combining the above arguments, the conclusion follows.
Lemma 3.11.
[5] Let G be a graph with n vertices, m edges. We have
Lemma 3.12. For c ≥ 1, if n = 2c + 2 or n = 2c + 1, then there does not exist any connected graph G on n vertices with n + c − 1 edges and d 1 (G) ≤ n − 2 such that SQ(G) = SQ(S(n, c)).
Proof. Here we only prove the case of n = 2c + 2, because the proof of n = 2c + 1 is analogous. When 3 ≤ n ≤ 7, it is easily checked the result follows by the aid of computer. Thus, we may assume that n ≥ 8 in the following. Suppose to the contrary, there exists some connected graph G on n = 2c + 2 vertices with n + c − 1 edges and , c) ). By Lemmas 3.6-3.8, we can conclude that d 2 (G) ≤ 4 and n − 3 ≤ d 1 (G) ≤ n − 2 because µ 1 (G) = µ 1 (S(n, c)) > n. We divide the proof into the next two cases.
If d 2 (G) ≤ 3, then Lemma 3.7 implies that µ 1 (G) ≤ n < µ 1 (S(n, c)), a contradiction. Thus, d 2 (G) = 4. So Lemma 3.8 implies that d 1 (G) = d 2 (G), and hence n = 7, a contradiction to the fact that n ≥ 8.
, and hence n = 6, a contradiction. Thus, d 2 (G) = 3. Suppose G has x vertices of degree 3, y vertices of degree 2. Then, G has n − x − y − 1 pendant vertices. By Lemma 3.11, it follows that Lemma 3.14. If n = 4, then K 1,n−1 is determined by its signless Laplacian spectrum.
Proof. Suppose there exists some graph G such that SQ(G) = SQ(K 1,n−1 ). It is well-known that if G is bipartite graph, then SQ(G) = SL(G) (see [5] ). Thus, SQ(K 1,n−1 ) = SL(K 1,n−1 ) = (n, 1, 1, . . . , 1, 0) , where the multiplicity of 1 is n − 2. By Lemma 3.2, we have
If G is connected, since µ n (G) = µ n (K 1,n−1 ) = 0, by Lemma 3.13, G is connected bipartite, and hence SL(G) = SQ(G) = SL(K 1,n−1 ). By Lemma 2.5, it follows that
If G is disconnected, by Lemma 3.7, we have d 1 (G) = n − 2 and d 2 (G) = 2 by µ 1 (G) = n. Moreover, Lemma 3.2 implies that n − 2 = d 1 (G) = d 2 (G) = 2, and hence n = 4, a contradiction.
is not determined by its signless Laplacian spectrum when c = 0 and n = 4. Proof. If c = 0, then S(n, c) ∼ = K 1,n−1 . By Lemma 3.14 and Remark 3.15, the result follows. Next we assume that c ≥ 1. Now suppose there exists some graph G such that SQ(G) = SQ(S(n, c)). Lemmas 3.8 and 3.11 imply that G is connected and − 1) . Thus, G has n + c − 1 edges. By Lemmas 3.8, 3.10 and 3.12, we can conclude that G is a connected graph with d 1 (G) = n − 1 and d 2 (G) ≤ 4 because µ 1 (G) = µ 1 (S(n, c)) > n. Suppose G has x vertices of degree 4, y vertices of degree 3, z vertices of degree 2. Then, G has n − x − y − z − 1 pendant vertices. By Lemma 3.11, it follows that
By Eqs. (3.4) , we have 6x + 2y = 0. Thus, x = y = 0 and z = 2c. Note that
S
C (n, c) is determined by its signless Laplacian spectrum. In this section, we shall show that S C (n, c) is determined by its signless Laplacian spectrum. We list more lemmas as follows.
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Proof. By a straightforward computation, we have
where ϕ 3 (x) = x 2 − 3(n − 3)x + 2(n 2 − 7n + 10 + 2c).
It is easy to see that the roots of ϕ 3 (x) = 0 are
Note that n ≥ 2c + 1. Then,
We divide the proof into the next two cases.
Case 1. c = 1.
By Eq. (4.1), it is easy to see that µ n (S C (n, c) ) = 0, µ n−1 (S C (n, c) ) > n − 5 and µ 2 (S C (n, c) ) = n − 3.
Case 2. c ≥ 2.
Since n − c − 2 > 0, by Eq. (4.1) we can conclude that µ n (S C (n, c) ) = 0, µ n−1 (S C (n, c) ) = n − 5 and µ 2 (S C (n, c) ) = n − 3. 
Proof. By Lemmas 4.2 and 4.3, we can conclude that n − 5
, and hence SQ(G * ) = (2n − 4, n − 3, . . . , n − 3) = SQ(S C (n, c) ), a contradiction. We divide the proof into the next two cases.
Let H 1 be the graph obtained from K n−1 by deleting three edges, which are adjacent to the same vertex, from K n−1 . Clearly, d n−1 (H 1 ) = n − 5 and G * is a 
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where ϕ 4 (x) = x 2 − (3n − 11)x + 2(n − 4)(n − 5).
It is easy to see that the roots of ϕ 4 (x) = 0 are 3n − 11 ± √ n 2 + 6n − 39 2 .
By Lemma 4.1, it follows that
On the other hand,
Let H 2 be the graph obtained from K n−1 by deleting two edges, which are adjacent to the same vertex, from K n−1 . Clearly, d n−1 (H 2 ) = n − 4 and G * is a subgraph of H 2 . By a straightforward computation, we have
It is easy to see that the roots of ϕ 5 (x) = 0 are 3n − 10 ± √ n 2 + 4n − 28 2 .
By Lemma 4.1, it follows that
By combining the above arguments, we can conclude that d n−1 (G * ) = n − 3.
Lemma 4.5. If c = 0 and n = 4, then S C (n, c) is determined by its signless Laplacian spectrum Proof. If 1 ≤ n ≤ 3, it is easily checked the result follows. Thus, we may assume that n ≥ 5 in the following. Suppose that there exists some graph G such that 
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If G is connected, since µ n (G) = 0, by Lemma 3.13 it follows that G is bipartite. Lemma 2.2 implies that µ 1 (G) = λ 1 (G) ≤ n < 2(n − 2), a contradiction. Thus, G is disconnected and hence d 1 (G) ≤ n − 2. Since µ 1 (G) = 2(n − 2), by Lemma 3.7 we can conclude that G ∼ = K n−1 ∪ K 1 = S C (n, c). 3 ). Thus, S C (n, c) is not determined by its signless Laplacian spectrum when c = 0 and n = 4. Proof. If c = 0, by Lemma 4.5 and Remark 4.6, the result follows. If c ≥ 1 and 3 ≤ n ≤ 7, it is easily checked the result follows by the aid of computer. Thus, we may assume that n ≥ 8 and c ≥ 1 in the sequel. Now suppose there exists some graph G such that SQ(G) = SQ(S C (n, c) ). We only need to prove the following facts:
Proof of Fact 1. We first claim that G is disconnected. Suppose to the contrary, G is connected. By Lemma 4.3, we have µ n (G) = µ n (S C (n, c) ) = 0. Thus, G is bipartite by Lemma 3.13. So, µ 1 (G) ≤ n follows from Lemma 2.2. But µ 1 (G) = µ 1 (S C (n, c) ≥ 2(n − 3) > n by Lemma 4.3, a contradiction. Thus, G is disconnected.
Let G 1 be the greatest connected component, i.e., the connected component with largest number of vertices, of G. Since µ n (G) = 0 and µ n−1 (G) = µ n−1 (S C (n, c) ) ≥ n − 5 > 0, by Lemmas 3.13 and 4.2 we can conclude that G has exactly one bipartite component and |V (G 1 )| ≥ n − 4. Moreover, Lemma 4.3 implies that µ 1 (G) = µ 1 (S C (n, c) ≥ 2(n − 3), thus |V (G 1 )| ≥ n − 2 by Lemma 3.7.
If |V (G 1 )| = n − 2, since G has exactly one bipartite component, we can deduce that G = G 1 ∪ K 2 . Then G has 2 as its signless Laplacian eigenvalue. On the other hand, Lemma 4.3 implies that µ n−1 (G) = µ n−1 (S C (n, c) ≥ n−5 > 2, a contradiction. Thus, |V (G 1 )| = n − 1 and hence Fact 1 follows.
Fact 2. G ∼ = S
C (n, c).
Proof of Fact 2. By Fact 1 and Lemma 4.4, it follows that G = G * ∪ K 1 , where G * is connected with d n−1 (G * ) = n − 3. By Lemma 3.11, it follows that G * has n − 2c − 1 vertices of degree n − 2 and 2c vertices of degree n − 3, then G ∼ = S C (n, c) follows.
This completes the proof of this result.
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